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FLOWS ON RIEMANNIAN CONE MANIFOLDS AND SPECIAL 
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Abstract. The self-similar solutions to the mean curvature flow have been 
defined and studied on the Euclidean space. In this paper we propose a gen- 
eral treatment of the self-similar solutions to the mean curvature flow on Rie- 
mannian cone manifolds. As a typical result we extend the well-known result 
of Huisken about the asymptotic behavior for the singularities of the mean 
curvature flows. We also extend results on special Lagrangian submanifolds 
on C" to the toric Calabi-Yau cones over Sasaki-Einstein manifolds. 



1. Introduction 

Let F : M x [0, T) y be a smooth family of immersions of an TO-dimensional 
manifold M into a Riemannian manifold {V,g) of dimension m + k. F is called a 
mean curvature flow if it satisfies 
dF 

(1) —{p, t) = Ht{p) for all {p, t) e M x [0, T) 
at 

where Ht is the mean curvature of the immersion Ft :— F{-,t) : M -> V. 

When V is the Euclidean space K™+'^ there is a well-studied important class of 
solutions of ([T|), that is, self-similar solutions. They are immersions F : M — > 
satisfying 

(2) H = XF^ 

where A is a constant and denotes the normal part of the position vector F. The 
solution of (HI is called shrinking, stationary (or minimal) or expanding depending 
on whether A < 0, A = or A > 0. 

The purpose of this paper is to extend the definition of the self-similar solutions 
from the case when V is the Euclidean spaces to the case when y is a Riemannian 
cone manifold. Let {N, g) be an 7i-dimensional Riemannian manifold. We define 
the Riemannian cone manifold {C{N),g) over {N,g) by C{N) = N x R+ and 
g = dr^ + r^g where r is the standard coordinate of R"*". If F : M ^ C{N) is an 
immersion wc define the position vector of F at p g M by 

(3) fip)^riF{p))^ e rF(p)C^(iV). 
Then the self-similar solution is defined as 

(4) H = xf'^ 
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where A is a constant and denotes the normal part of the position vector F. In 
this paper we propose a general treatment of the self-similar solutions to the mean 
curvature flows on Ricmannian cone manifolds. As a typical result we extend the 
well-known result of Huisken about the asymptotic behavior for the singularities of 
the mean curvature flows. In [9] Huisken introduced the rescaling technique and 
the monotonicity formula for the mean curvature flow of hypersurfaces in Euclidean 
space. Also in [5], using the monotonicity formula, Huisken proved that if the mean 
curvature flow has the type I singularity then there exists a smoothly convergent 
subsequence of the rescaling such that its limit satisfies the self-similar solution 
equation. In this paper we extend those techniques and consequences to Riemann- 
ian cone manifolds and an initial date manifold. We also give a construction of 
self-similar solutions on Ricmannian cone manifolds. 

Let us recall the definition of type I singularity and its parabolic rescaling. Let 
M be a manifold and {V,g) a Riemannian manifold. Suppose F : M x [0,T) ^ V 
is a mean curvature flow with maximal time T < cxj of existence of the solution. 
One says that F develops a singularity of Type I as i — ^ T if there exists a constant 
C > such that 

sup|IItp < for alHe [0,r), 

M i — r 

where lit is the second fundamental form with respect to the immersion Ft : M ^ 
V. Otherwise one says that F develops a singularity of Type II. 

Let M be a manifold and {C{N),'g) the Riemannian cone manifold over a Rie- 
mannian manifold {N, g). Take a constant A > 0. For a map F : Mx [0, T) — s- C{N), 
we define the parabolic rescaling of F of scale A as follows; 

F^ : M X [-\^T,0) C(iV); 

F^ip,s) = {7rN{Fip,T + ^)),Xr{Fip,T + ^))) 

where ttjv : C{N) ~ N x M+ ^ is the standard projection. 

When the singularity does not occur at the apex of the cone one can show that 
the parabolic rescaling of type I singularity gives rise to a self-similar solution as 
shown by Huisken. However when the singularity occurs at the apex we need some 
more conditions. Thus we are lead to the following definition of type Ic singularity. 

Definition 1.1. Let M be a manifold and (N^g) a Riemannian manifold. Suppose 
F : M X [0,T) — > C{N) is a mean curvature flow with T < oo. We say that F 
develops a singularity of type Ic if the following three conditions are satisfied: 

(a) F develops a singularity of type I as t ^ T, 

(b) r{Ft{p)) — > for some p £ M as t ^ T and 

(c) Ki{T ~t) < miuM r'^{Ft) < K2{T - t) for all t G [0, T) where Ki and K2 
are positive constants. 

Examples of type Ic singularities are given in Example 16. II 

Tiieorem 1.2. Let M be an m-dimensional compact manifold and C{N) the Rie- 
mannian cone manifold over an n-dimensional Riemannian manifold {N,g). Let 
F : M X [0,T) — >■ C{N) be a mean curvature flow, and assume that F devel- 
ops a type Ic singularity at T. Then, for any increasing sequence of the 
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scales of parabolic rescaling such that A; — > oo as i — > oo, there exist a subsequence 
{•^jfclfeLi '^^d a sequence ti^ — > T such that the sequence of rescaled mean curva- 
ture flow {F^i^}'^^i with Si^ = Xf^{ti^ — T) converges to a self-similar solution 
F°° : Moo — ^ C{N) to the mean curvature flow. 

The proof of this theorem is not substantially different from Huisken's original 
proof. But the merit of the idea to study on cones will be that we obtain examples 
of more non-trivial topology. In fact N = {r = 1} in C{N) is already a self-shrinker. 
Thus, any compact manifold can be a self-shrinker in some Ricmannian cone man- 
ifold. It is also possible to study special Lagrangian submanifolds and Lagrangian 
self-similar solutions in Calabi-Yau cones over Sasaki-Einstein manifolds. A Sasaki 
manifold N is by definition an odd dimensional Ricmannian manifold whose cone 
C{N) is a Kahler manifold. If the Kahler cone manifold is toric then the Sasaki 
manifold is said to be toric. It is proven in [3] and [2] that a Sasaki-Einstein metric 
exists on a toric Sasaki manifold obtained from a toric diagram. A typical exam- 
ple is when TV is the standard sphere of real dimension 2m + 1. Then its cone 
is C'"^^ — {o}. It is natural to expect that we can extend results on special La- 
grangian submanifolds or self-similar solutions on C™"*"^ to these toric Calabi-Yau 
cones of height 1. In Theorem 17.51 we construct examples of complete special La- 
grangian manifolds on toric Calabi-Yau cones using the ideas of [6] and [iT] . This 
construction includes the examples given in Theorem 3.1 in III. 3 of Harvey-Lawson 
[7]. Further construction of examples of special Lagrangians and Lagrangian self- 
similar solutions are given in the third author's subsequent paper |15| . in which it 
is shown that, for any positive integer g, there are toric Calabi-Yau 3-dimensional 
cones including Lagrangian self-shrinkers diffeomorphic to Eg x where Eg is a 
compact orientable surface of genus g. 

In section 8 we also study the infinitesimal deformations of special Lagrangian 
cone C(E) C C{N) over a Legendrian submanifold E in a Sasaki-Einstein manifold 
A^. We show that the parameter space 'Hc(e) of those infinitesimal deformations is 
isomorphic to 

Kcr(As - 2n) = {(^ G C°°(E); A^ip = 2n^}, 

see Theorem 18.61 This is also proved by Lemma 3.1 of [T4l, although the proof in 
this paper is different from [14| . 

This paper is organized as follows. In section 2 we show fundamental formulas 
on mean curvature flows in Ricmannian cone manifolds. In section 3 we show the 
finite time blowup of the mean curvature from a compact manifold (Theorem 13. 2p . 
Section 4 is devoted to the proof of the monotonicity formula fTheorem 14. 1[) . In 
section 5 we see that the type I singularity is preserved under parabolic rescaling. 
In section 6 we see that we obtain a self-similar solution by parabolic rescaling 
at a type Ic singularity. In section 7 we construct special Lagrangians in toric 
Calabi-Yau cones. In section 8 we study the infinitesimal deformations of special 
Lagrangian cones in Calabi-Yau cones. 

2. Self-similar solutions to the mean curvature flows on Riemannian 

cone manifolds 

Let F : M ^ V he 'ATI immersion of an m-dimensional manifold M into an 
m -\- /c-dimensional Riemannian manifold {V, g). Thus the differential F^^ : T^M ^■ 
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Tf(x)^ is injcctivc for every x € M, and we have a natural orthogonal decomposi- 
tion of the vector bundle 



F*{TV) = TM®T^M 

where T^AI M is the normal bundle. Denote by _L (resp. T) the projection 
_L : F*{TV) T^M (resp. T : F*{TV) TM). The second fundamental form 
II of the immersion F : M iaa. section of the vector bundle T^M (g) {(^'^T*M) 
defined by ll{X,Y) = {V f,{x)F*{Y))^ for X,Y & T{TM). Here V is the Levi- 
Civita connection of (V, <?). The mean curvature vector field H oi F : M ^ V \& a. 
section of T^M defined by = tr II, where the trace is taken with respect to the 
Riemannian metric F*(g) on M. 

For the actual computations one often needs local expressions of the mean cur- 
vature vector. Let x^, ■■ ■ ,x"^ and y^,--- ,y" be local coordinate charts around 
p € U C M and F{p) e U' d V such that F\u : U ^ U' is a,n embedding. Write 
F°'{x^, ■ ■ ■ , x™") — y°'{F{x^, • • • , X™)). Then we have the induced metric 

_ dF°' dF^ 

~ dx- dx^^"^- 

where g = gap dy" (g) dy^ is the Riemannian metric on [/' C V. Here we use the 
indices i, j, fc, . . . to denote the coordinates on M and a, /3, 7, . . . to denote the 
coordinates on V. The coefficients H"' of the mean curvature vector field 

d 

H^H'' — 
dy" 

are given by the GauB' formula 

ijf d^F"" ^dF" „ dF^ dF^\ 
^ dx^dxi ~ 9^ ^^"^ IhF 'd^ J ■ 

Next we consider a smooth family of immersions F : M x (a, h) — > V . Namely, 
for every time t in (a, b) C M, Ft : M — V given hy p ^ F{p, t) is an immersion. 
We denote by gt the Riemannian metric F^(g) over M. For a fixed time to in 
(a, 6), the variation vector field {dF/dt){-, to), considered as a section of F^^TV, is 
decomposed as 

idF/dt){;to)^vt+v7o 

where v^{p) and vj^^ are respectively the sections of T^i\/ and TM. 

We denote by V*, divj, lit and Ht respectively the Levi-Civita connection on 
{M,gt), the divergence with respect to gt-, the second fundamental form and the 
mean curvature vector field of the immersion Ft : M ^ V. 

Then following proposition is well-known as the "first variation formula" . 

Proposition 2.1. For every p in M , two tangent vectors X,Y atp and a compactly 
supported integrable function f on M , we have 



d 
dt 
d 
dt 



gt{X,Y) = .gto(V5«<,r) +.gto(X, V^'O - 2g(IIt„ (X, F), < (p)) 



t=toJM -I M 



Let _F : Af X [0, T) — > y be evolving by mean curvature flow with initial condition 
Fo : M V: 

dF 

— - Ht{p) for all {p,t) eMx [0,T) 
F{p, 0) = Fo(p) for all p e M. 

Applying the first variation formula in Proposition 12.11 to the mean curvature 
flows, we obtain following well-known properties for mean curvature flows. 

Proposition 2.2. If F : M x [0, T) ^ V is a mean curvature flow then the following 
equation holds. 

dt t=t, 

If M is compact we also have 
d_ 
di 



det(gt,„-) = -\HtJlJdct{gt„,ij] 



Yolg,{M) = - / \Ht„\ldv, 



t=to JM 

Proof. Because we consider the mean curvature flow, vt^ = Ht^ and therefore 

vJ^^O and v^^ip) ^ Ht„{p). 
It then follows from Proposition 12.11 that 

d 



dt 



t=to 

Then the first formula ([7|) follows from the well-known formula for the derivative 
of the determinant. To prove second formula, simply let / = 1 on M in the first 
variation formula. □ 

Recall that, for an n-dimcnsional Riemannian manifold {N,g), we define the 
Riemannian cone manifold {C{N),g) over {N,g) by C{N) ^ N x R+ and 'g = 
dr^ _j_ j.2g Tff\YQYe r is the standard coordinate of M+. Note that C{S) does not 
contain the apex. 

The most typical example of a cone is the case when N is the standard sphere 
S" in ]R"+^ In this case the cone is K"+i - {o}. For a map F : M ^ M"+\ one 
can consider the position vector of F{p) for p e AI, and using it, one can define 
self-similar solutions 

H = XF^ 

where A is a constant. 

We can extend this idea to maps into Riemannian cone manifolds. Namely, for 
a smooth map F : AI ^ C{N) and p in AI, we define the position vector f ofF 
at p e AI by 

d_ 

' dr 

With respect to the bundle decomposition of 

F*Tf^j,)C{N) ^ TpAI ® T^M, 

we decompose as 

'f{p)^^^{p)+f^ip). 



-f{p)^r{F{p))— eTF(p)C{N). 



Then we can define self-similar solutions by 

H = Xf^. 

For a Riemannian cone manifold {C{N),g) over an n-dimensional Ricmannian 
manifold {N,g) and a point q in C{N), local coordinates {y")^t\ around q are said 
to be associated with normal local coordinates of N when the part of coordinate 
(2/")2=i becomes normal local coordinates of {N,g) around TTN{q) and y"'^'^ is the 
standard coordinate of R"*", that is, y"^^ = r. Here, ttn is the projection of the 
cone manifold C{N) ^ N x M+ onto the first factor N. 

Note that under local coordinates associated with normal local coordinates of 
A'', we have roF = r{F) = for a given map F : M ^ C{N). 

Let (x*)™ ]^ be normal local coordinates centered at p of the Riemannian manifold 
{M,F*{g)), and local coordinates of {C{N),g) associated with normal 

local coordinates centered at ttj^{F{p)) of {N,g). Then calculating only (n + 1)- 
th coefficient i7"+^(p) of mean curvature vector at p, namely, the coefficient of 
c?/9y"+^(= d/dr), for the local expression of the mean curvature vector ([5]), we 
obtain the following local expression for 

i=l i=l a=l ^ ^ 

This easily follows from 

for 1 < a, p < n. 

3. Finite time singularity for mean curvature flows 

If the ambient space is the Euclidean space R'"+'^ and an initial date manifold 
M is compact, then the mean curvature flow does not have a long time solution. It 
is a well-known result of Huisken: 

Theorem 3.1 (Huisken 0). Let Fq : M ^ R™+'^ be an immersion of a compact 
m-dimensional manifold M . Then the maximal time T of existence of a solution 
F : M X [0, T) — > R™+'^ of the mean curvature flow with initial immersion Fq is 
finite. 

The proof follows by applying the parabolic maximum principle to the function 
/ = |Fp + 2mt which satisfies the evolution equation -^ f = A/. One can show 
T < 2^max|i^oP- from which Theorem 13.11 follows. Using the position vector in 
a cone as defined in ([3]), we can extend this result when the ambient space is a 
Riemannian cone manifold as follows. 

Theorem 3.2. Let {C{N),'g) be the Riemannian cone manifold over a Riemannian 
manifold {N, g) of dimension n, M a compact manifold of dimension m and F : 
M X [0,T) — C{N) a mean curvature flow with initial condition Fq : M — > C{N). 
Then the maximal time T of existence of the mean curvature flow is finite. 

Before the proof of this theorem, we want to prepare some lemmas. 

Lemma 3.3. Let (C{N),'g) be a Riemannian cone manifold over a Riemannian 
manifold {N, g) of dimension n and F : M C (N) an immersion of a manifold 
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M of dimension m. Then the following equation holds. 

A(r2(F)) ^ 2{g{H,^)+m), 
where A is the Laplacian on {M,F*{g)). 

Proof. Fix a point p in M. We take normal local coordinates (x')™ of (M, 
centered at p and local coordinates {y°')2tJi of {C{S),g) associated with normal 
local coordinates of (TV, g) centered at ttn{F{p)). Note that under these coordinates, 
= r and = roF = r{F). First of all, by the local expression of H^^^{p) 

in we have the following equalities; 

g{H{p),f{p)) =H-+\p)r{F{p)) 

(9) =K^^b)) E ^(?') - -(^(^'))' T.i:(i-rip) 

i=l i=l Q = l ^ 

Since {F*g){d / dx^ , d / dx^) = 1 at p, we have 



m — 

1=1 



z— 1 ^ 

Adding above two equations ^ and (fTP)) , we have 

(11) 5(ff (p), J^(p)) + m = r(f (p)) E + E f ^(P) 

Since we took (x*)™]^ as normal local coordinates of {M, F*{'g)) centered at p, 
the Laplacian A is ^^^'^ thus we have at p 

Thus from (HH) and ((HI) we have shown that Ar'^{F) = 2{g{H, ~f) + m). □ 

Lemma 3.4. Lei {C{N),g) be a Riemannian cone manifold over an n-dimensional 
Riemannian manifold {N,g), M an m-dimensional manifold and F : M x [0,T) — >■ 
C{N) be a mean curvature flow with initial condition Fq : M — > C{N). Then for 
any fixed time t in [0,T) the following equality holds; 

(13) 2giHt,ft) = -l-/iF,). 

Proof. Fix a point p in M. Take local coordinates {y°')at,i of C{S) associated 
with normal local coordinates of N. Note that under these coordinates, y"^^ = r 
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and F"^^ = T{Ft)- Since F satisfies the mean curvature flow condition (jH]), the 
following equalities hold; 

fdF , 



= r{F,{p))^^rmp)) = ~r\F^{p)), 
from which (|13p follows. □ 
Now we are in a position to prove Theorem 13.21 

Proof of Theorem\3M Let / : A/ x [0, T) ^ M be a function defined by 

/(p,0 = r2(Ft(p)) + 2mi. 
For a fixed time t in [0,r), by Lemma 13.31 and Lemma 13.41 

^ = 2g{HtJt) + 2m 

= A,r2(F,) = AJ(.,i) 

where At is the Laplacian with respect to the metric Ft*{g) on M. Since M is 
compact, there is a maximum of /(•,0)(= r^(Fo)) on M, which we denote by Cq. 
By applying the maximum principle to the function /. it follows that f(p, t) = 
r'^{Ft{p)) + 2mt < Cq on M x [0, T). Therefore we obtain the following inequalities; 

^ ^ Co ~ rHFtjp)) ^ Co 
~ 2m ~ 2m 



for all t in [0,T). This means that the maximal time T is finite. 



□ 



4. MONOTONICITY FORMULA 

Next we turn to the monotonicity formula. For a fixed time T in 
the backward heat kernel : R x (~oo, T) K as follows; 

,,2 



PTiy,t) = 



1 



(47r(T - 



exp 



y 



To simplify the notations, we use following abbreviation; 



Pt 



Mt 



PT{r{Ft{p)),t)dvg 



M 



Pt 



Mt 



2{T - t) 



H 



PT{r{Ft{p)),t) 



M 



we define 



2{T -t) 



Ht{p) 



dVn 



Then Huisken's monotonicity formula for a cone is the following. 



Theorem 4.1 (Monotonicity formula). Let M be a compact m- dimensional mani- 
fold without boundary, {C{N),g) the Riemannian cone manifold over an n- dimensional 
Riemannian manifold {N, g) and F : M x [0, T) — > C{N) the mean curvature flow 
with initial condition Fq : M — )■ C{N). Then the following equation holds; 



Proof. First we calculate the left term of using ([7]). 



dt Jm (47r(T - i))'"/2 



PTir(Ft{p)),t) 



cxp 



M 

(15) 

It is clear that 
(16) 



di 



m r'^{Ft{p)) 



2{T-t) 4(T-t)2 

2{T-to) 



\Ht{p)\l)dv, 



\'^t{p)\ 



I = 9{riF,ip))lMFt{p))§-^ 
= r^iFtip)). 



Substituting (|T3|) and (|T6| in (|T5]) . we have following formula; 
PTir{Ftip)),t)dvg^ 
PT{r{Ft{p)),t) 



M 



\'^t{p)\ 



M 



(17) 



2(T-t) 4(T-t)2 

g(gt(p),i^t(p)) 
2(T - t) 



\Ht{p)\UdVg, 



Let i and p be fixed. We take normal local coordinates (a;*)™ ^ centered at p with 
respect to the Riemannian metric gt{= F^{'g)) and local coordinates (y")J^jli around 
Ft{p) associated with normal local coordinates of {N,g). Under these coordinates, 
the Laplacian Aj with respect to gt is d"^ /dx^ + • • • + ff^ jdx™'^ at p. Under these 
coordinates we have following equations at the fixed t and p; 



^tPT{T(Ft),t) 



hdx^' 

m „ 

= y— 

= F — 



PT(r(FO,i) 



PT{r{Ft),t)\- 



x—p 



r{F,){4,r{F,)) 



2{T-t) 



(18) 



2{T-t) 
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2(T - i) 



Furthermore we want to express i^j (p) under these coordinates. Now by our choice 
of the local coordinates of (x*)™ it is clear that 



(19) 



Note that = r and F^+^ ^ r{Ft). The following equalities hold; 



i=l \ 



±v(nP),FUp)(i-)]FUp)(^ 



i=l \ 

n+1 



Using (|19p and (|20p . wc can express the norm (p) as follows; 

Applying (fTT|) for Ft and using (fT8|) and (|2T|) . we have the following equality; 

AtpT(r(i^t(p)),<) 
(22) =py(r(Fi(p)),Ol 



4(T~t)2 2{T-t) 2{T~t) 



In this equation (1221) there are no local coordinates x\ so we have proven this 
equation l|22|) for all p in A/ globally. The equation p2|) is equivalent to 



PT(Ftfl(p),<)^^^73^ = -^tPT{FtR{p),t) 



(23) + pT(i^ti?(p),t)| 
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|f/(p)|| g(iJ,(p),Ft(p)) 



4(T-i)2 2{T-t) 



Substituting (^5]) in PT)) . we have fohowing equalities; 
d 



dt 



M 



PT{r{Ft{p)),t)dvg^ 



AtPTirmp)),t)dvg^ 



M 

PT{r{Ft{p),t))\ 

M 



PT{r{Ft{p)),t)\- 



g{ Ht{p),^t {p)) 
2{T-t) 



2 X — \Hfo[P)\g\dVg, 



M 



2 X 7^77^ — T^ \Ht(P)\g ]dvg. 



(24) =- / PTir{Ft{p)),t) 

JM 



2{T -t) 

2 



Ht{p) 



dVg,. 



2{T-t) 

This completes the proof of Theorem 14.11 □ 

5. Singularities and the parabolic rescaling 

In this section we see that the property that a mean curvature flow develops 
type I singularities is preserved under parabolic rescaling. 

Proposition 5.1. Let M he an m- dimensional manifold and {C{N),g) the Rie- 
mannian cone manifold over an n-dimensional Riemannian manifold {N,g). If a 
map F : M X [0,T) C{N) is a mean curvature flow, then the parabolic rescaling 
of F of scale X is also the mean curvature flow. 

Proof Fix {po, So) in M x [-A^T, 0). Let t = T + s/A^ and to = T + so/\^. Let 
{x^Y^i be local coordinates of M around po- Let (y")^!! be local coordinates of 
C{N) around F^{po,so) associated with local coordinates N. Put 

and g,^^^ = iF,^^g)^—,- 

Then one can easily show that 

(25) g^^^^^X^g,^^^. 

Thus the Christoffel symbols ^so]k ^^^^ respect to g^^ and Lt^^^ with respect to 
gtg are related by 

One can also compute the Christoffel symbols of the Riemannian cone manifold 
C{N) as follows. If 1 < a,/3,7 < then r;^(F,-^^ (po)) = T"^^{Ft,{po)). If 1 < 
/3,7 < n and a = n + 1 then r^+'(Fi^, (po)) - Xr",^\Ft,ipo)), and if 1 < a,7 < n 

and /3 = n + 1 then T'^+i^{F^g{po)) = j^n+i-t{Fto{Po))- By using these and the 
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formula ([5]), one can show that the mean curvature vectors Htg of Ftg and if^^ of 
F^^ are related by 



(26) H^^^ipo) ^ ^H^^^ip,). 

for 1 < a < n and 



(27) H^-+\po) = ^H-+\po). 

Now suppose that is a mean curvature flow, so F satisfies 

F.{po,to)(^^^ =HtM- 

Then 

= T.Kripo)^ipo) + Kr^'ipo)g^{po) = K,{po)- 

This means that F^ is the mean curvature flow. This completes the proof of 
Proposition 15. II □ 

Proposition 5.2. Let M be an m- dimensional manifold and C{N) the Riemannian 
cone over an n-dimensional Riemannian manifold {N,g). Let F : M x [0,T) — 
C{N) be a mean curvature flow. Then parabolic rescaling preserves the value of 
^Mt P"^' -^^''^ "ieans that for all t in (0,r) the following equation holds. 



Pt = Po 

Mt J Mi 



where s = \^{t — T). Here we have used abbreviation for j^j^ px and jj^jx Po by 

/ Pt^ pT(r{Ft{p)),t)dvg^ 

J Mt Jm 

[ po= [ pMFs{p)).s)dVgX. 
JMi Jm 

Proof. From the equation (P5|) in the proof of the proposition 15. 11 we get 
y'det(5,^^^.) ^ X"' ^ det{gt,j) and dvgx ^ X"'dvg^. 

It follows that 

2/' i?A/ 



M; 



1 ^ f r\F^{p)) 



= Im (4.(-.))W2-P^-^(^y^j^V 



M (47r(A2(r - i)))W2 ' y 4A2(T - t) 

■ ''^P 1 ~ TF^ — 7\ 1 "''"at I PT 



M(4^(T-t))W2 4(T-t) 



Mt 



□ 
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Proposition 5.3. Let AI be an m- dimensional manifold and C{N) the Riemannian 
cone over an n-dimensional Riemannian manifold {N,g). Let F x [0,r) — > C{N) 
be a mean curvature flow. Then the parabolic reseating preserves the condition that 
the mean curvature flow develops a Type I singularity. 

Proof. We have only to show that following two statements are equivalent. 

• There exists some c > such that supj^^ |IItP ^ jrzi foi' ^ € [0,T). 

• There exists some c' > such that supj,^ < for all s e [-A^T, 0). 

Here lit a-nd ^^'^ the second fundamental form with respect to the immersion 
Ft : M C{N) and F^ : M ^ C{N) respectively. 

We can find a local expression of II^j" and Hfij immediately by removing the 
inverse of Riemannian metric tensors g^*^ (= j^gl'') from equalities (^5)) and (P?]). 
Hence, we find that H^,*;^- = H^^- if 1 < a < and 11^^J^+^ = Xll'lt/ if a = n + 1, 
where s = X^{t — T). It then follows that 

(28) \ll^\'ip) = ^\llt\'{p). 
Hence we get 

(29) (r-t)|H,p = ^xA2|H^P=._s|H^p. 

This mean that parabolic rescaling preserves the condition developing type I sin- 
gularity. This completes the proof of Proposition [531 □ 



6. Self-similar solutions 
This section is devoted to the proof of Theorem 1 1.2 1 

Proof of Theorem \1.2[ Take any increasing sequence {Xi}°^i of the scales of the 
parabolic rescaling such that — > oo as i — > oo. Let F^' : M x [— Af T, 0) — > C{N) 
be the parabolic rescaling of the mean curvature flow F : M x [0, T) — > C{N). By 
Proposition 15. 1[ F^' remains to be a mean curvature flow. 

Since F develops type Ic singularity and in particular type I singularity, there 
exists a positive real number C > suth that 

C 



suplHtp < 



M 



T-t 



for all t in [0,T), and by Proposition 15.31 the rescaled i^'*'* also develops type I 
singularity satisfying 



sup 

M 



c 



for all s in [— Af , 0) with the same constant C > by (P^ . When s is restricted to 
the interval [a, 6], we have the following bound 

(30) |n^l'<-y. 

Hence we have a uniform bound of the second fundamental form, and since F^' sat- 
isfies the mean curvature flow, all the higher derivatives of the second fundamental 
form arc uniformly bounded on [a, 6] by [8]. 
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On the other hand, by Theorem 14 . 1 1 the following monotonicity formula for F^^ 
holds. 



d_ 



Pa 



m: 



F 



-2s 



Integrating the both side of the above equation on any closed interval [a, b] C 
(—00, 0), we have 



(31) 



AC 



Po 



Ma 



ds 



Po 



F 



-2s 



where we take i sufficiently large so that [a, b] is contained in 
sition [5^ we have 



^A|T,0). By Propo- 



where Ui = T + a/Xf and 



Ma 



m: 



Po = 



Po = 



Pt 



Pt 



where Vi — T + b/ Xf. By the monotonicity formula, the derivative of the function 
P'^ non-positive and /^^^ pr > 0, so for any increasing sequence {ti}°^i such 
that — >■ T as z — > 00 the sequence J^^^ pT converges to a unique value. Now 

{ui}'^i and {vi}^i are increasing sequences such that Ui,Vi — )- T as i — >■ 00. So 
/j^Ai pq and /^Ai Po converge to the same value as i — ?> 00. Therefore the left hand 

side of the equation (|3T|) converges to as i — > 00, and thus 



(32) 



lim 



ds 



Po 



m: 



-2s 



0. 



From this we can take a sequence Si [a, b] such that we have 



(33) 



Po 



-2s, 







as I ^ 00. 

Suppose that pi attains miuM "riF^.^), and put 

r^{F^^{p,,s,j)^Xy{F{p,,U)). 



Then Pi also attains minj\/ r(_F't. ) and 
(34) ^,^Xy{F(p,,U)) 



~sy{F{p,,U)) 
T-U 



It then follows from the condition (c) of Definition 11.11 that 
(35) - bKi < 7, < -aK2. 

Thus, the image of i^'^' (•, s^) uniformly stays away from the apex, and that (p;, s^) 
stays in a compact region in C(N) for the minimum point {pi, Si) for r{F^'). 

Put 7 := —bKi. Let W be the manifold obtained from C{N) by cutting out 
the portion {r < -^}, and let V be the manifold obtained by gluing W and —W 
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smoothly along their boundaries. This V contains C{N) — {r < .^7} and the image 
of -F^* |(j\/,s;) is included in that part. 

Since the higher derivatives of the second fundamental form are bounded as 
shown above, we can apply Theorem 1.2 in [3] (see also [T]) by taking (M^jp^) 
to be {M,pk), {Nk,hk,Xk) to be {V,h,F^*'{pk, Sk)) and to be where the 
metric h is chosen so that h coincides with the cone metric on C{N) — {r < .y/7}. 
Then we obtain a limit F^o '■ M^o — >■ Noo which satisfies the equation of self-similar 
solution to the mean curvature flow by (j33p . But since Xi = F^' {pi, Si) stays in a 
compact region we have iVoo = V . The limiting self similar solution then defines a 
flow in the cone C'{N) satisfying the mean curvature equation. This completes the 
proof of Theorem O □ 

Example 6.1 (Examples of type Ic singularities.). Here we show a simple example 
of the mean curvature flow developing the type Ic singularity. For — 00 < a < 6 < 
+00, assume that there exists a mean curvature flow ^ : M x [a,b) ^ N on (N, g), 
namely $ satisfies ^$(-,s) = , where H^ is the mean curvature vector with 
respect to the embedding $(-,s) : M ^ N . Then F : M x [0,T(1 - e-2'n(fc-a))) ^ 
C{N) defined by 



F{p,t) 
a{t) 

m 



($(p,a(f)),/?(i)) eiVx 

a-— log 1-- , 
2m 1 

^2m{T-t), 



becomes a solution for mean curvature flow equation with initial data Fq = : 
M N X {y/2mT} C C{N), where m — dimAf. The second fundamental form 
jjCCAf) embedding F{-, t) : AI ^ C(N) is given by 



II 



CiN) 



iq,)-r(F(p,t))5|M,®^, 



where n^(t) is the second fundamental form of the embedding Alt ~ ^ij^-[,(^{t)) C 
N. Then we obtain 



iii: 



C{N),2 



< 



since |II^(t)|g = r(F{p,t)) ^\ll^^t-j\g. Hence F develops a type I singularity at 
t = T , if b = +00 and 

sup |llf(p)|g <00. 

peM,s>a 

The condition (b) and (c) of Definition ll.l] are obviously satisfied since r[F{j),t)) = 
^2m{T -t). 



7. Special Lagrangian submanifolds in toric Calabi-Yau cones 

In this section wc construct special Lagrangian submanifolds in toric Calabi- 
Yau cones. Let ^ be a Ricci-flat Kahler manifold with a Kahler form w and of 
dime V = n. Then the canonical line bundle Ky is flat. V is said to be a Calabi- 
Yau manifold if in addition Ky is trivial and V admits a parallel holomorphic 
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n-form Q,. This imphes that, with a suitable normahzation of il, we have 

n! 



Let L be a real oriented n-dimensional submanifold of V. Then L is called a special 
Lagrangian submanifold of 1^ if wj^ = and Imfiji = 0. 

Toric Calabi-Yau cones are exactly the Kahler cones over Sasaki-Einstein man- 
ifolds. They are described as toric Kahler cones obtained from toric diagram of 
height 1. This result was obtained in j4j and |2], which we outline below. 

Definition 7.1 (Good rational polyhedral cones, c.f. [E])- Let g* be the dual of 
the Lie algebra g of an n- dimensional torus G. Let Zg be the integral lattice of q, 
that is the kernel of the exponential map exp : g — > G. A subset C C g* is a rational 
polyhedral cone if there exists a finite set of vectors \i ^"L^, 1 < i < d, such that 

C = {ye9* I (2/,A,)>0for i^l,--- ,d}. 

We assume that the set A.; is minimal in that for any j 

C^{ye9* \ {y, X^) > for all i ^ j} 

and that each A.; is primitive, i. e. Xi is not of the form Xi = afi for an integer a > 2 
and /i G Zg. (Thus d is the number of facets if C has non-empty interior.) Under 
these two assumptions a rational polyhedral cone C with nonempty interior is said 
to be good if the following condition holds. If 

{V&C\ (2/,A,,)=0forallj = l,... ,fc} 

is a non-empty face of C for some {ii, • • • , ik} C {1, • • • , d}, then Aj^ , • • • , A^,. are 
linearly independent over Z and generates the subgroup {X]j=i ^.jXij \ Oj £ R}nZg. 

Definition 7.2 (Toric diagrams of height £, c.f. [5]). An n-dimensional toric 
diagram with height i is a collection of Xi £ Z" = Zg which define a good rational 
polyhedral cone and 7 G Q" = (Qg)* such that 

(1) £ is a positive integer such that ^7 is a primitive element of the integer 
lattice Z" = Z*. 

(2) (7, A,) =-1. 

We say that a good rational polyhedral cone C is associated with a toric diagram of 
height £ if there exists a rational vector 7 satisfying (1) and (2) above. 

The reason why we use the terminology "height f " is because using a transfor- 
mation by an element of SL{n, Z) we may assume that 



7 ^ . 

V 0/ 

and the first component of Xi is equal to £ for each i. 

Theorem 7.3 ([4], [2]). Toric Sasaki-Einstein manifolds are exactly those whose 
Kahler cones are obtained by the Delzant construction from toric diagram of fixed 
height and applying the volume minimization of Martelli-Sparks- Yau |13| . Equiva- 
lently, Toric Ricci-flat Kahler manifolds are exactly those obtained by the Delzant 
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construction from toric diagram of fixed height and applying the volume minimiza- 
tion of Martelli- Sparks- Yau |13] . 

For a Ricci-flat toric Kahler cone V obtained from a toric diagram of height £, there 
exists a parallel liolomorphic section of Ky^. In particular if £ = 1 the Kahler cone 
manifold y is a Calabi-Yau manifold. From now on we assume £ = 1. Then it is 
shown in [5] that the parallel holomorphic n-form is given in the form 

where z^,--- , are holomorphic logarithmic coordinates. Since V is obtained 
from a toric diagram of height 1 we may assume 7 = *(— 1, 0, • • • ,0). In this case 
we have 

n^e^'dz^ A--- Adz"". 
We now apply a method used in [6l and jllj . Their method is summarized in 
[TTj as follows. 

Proposition 7.4 ([H]). Let {V,J,uj,n) be a Calabi-Yau manifold of complex di- 
mension n, and H be a compact connected Lie group of real dimension n — 1 act- 
ing effectively on V preserving the Calabi- Yau structure. Suppose there exist a 
moment map fi : V ^ i)* and a H -invariant {n — l)-form a such that for any 
Xi, • • • , Xn-i Cz I) we have 

lmn{;X,, - ■ ■ ,X,,_,) = d{a{X,, - ■ ■ ,X^_,)) 

where Xi € \j are identified with vector fields on V. Then for any c € Z^,* , c' € K 
and any basis {Yi, • • • , Yn-i} C f), the set 

L,^,, ^ ^l'\c)nia(Yl,■■■ ,K„_i))-i(c') 

is a H -invariant special Lagrangian submanifold of V . 

We refer the reader to [H] for the proof of Proposition 17.41 We now apply Propo- 
sition 17.41 to toric Calabi-Yau manifold obtained from toric diagrams of height 1 
with 

n ^ e''^ dz^ A ■ ■ ■ A dz", a = Im(e''' dz^ A • • • A dz"), 
and with Yj = 2Im(^j) and H the subtorus generated by Yi,--- ,Y,i_i. 

Then one easily finds that 

imni;Yi,--- ,y„_i) = d(a(yi,-- - ,y„_i)), 

and 

,y„_i) = l(e^'+(-ire^). 

Thus the assumptions of Proposition 17.41 is satisfied, and we have proved the fol- 
lowing. 

Theorem 7.5. Let V be a toric Calabi-Yau manifold obtained from a toric diagram 
of height 1. Let 

n^e'-'dz^ A--- Adz"^ 
be the parallel holomorphic n-form described as above. Then there is a T"~^- 
invariant special Lagrangian submanifold described as 

M-i(c)n{(e^^ + (-ire-)A"=c'} 

where T"~^ is a subtorus generated by lm{d/dz^), ■ ■ ■ ,Im(9/9z") and fi : V i)* 
is a moment map. 
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Example 7.6. Take V to be the flat C", and let , ■ ■ ■ , be the standard holo- 
morphic coordinates with 

n = dw^ A • • • A dw"-. 
The logarithmic holomorphic coordinates , ■ ■ ■ , u" are given by = e" . Thus, 
we have 

Taking 7 — 0, • • • ,0) amounts to changing the coordinates = + • • • + , 

= ti^, • • • , z" = w". Then with the new coordinates we have 

= e^'dzi A---Adz". 

In this situation the points in /i^^(c) are described as 

If n is even then (e^ + (— l)"e^^)/i" — c' if and only ifKc{w^ ■ ■ ■ w") = c' , and If 
n is odd then (e^ + (— l)"e^^)/i" = c' if and only iflm(w^ ■ ■ -w") = c'. This is 
exactly the same as Theorem 3.1 in [J . 

8. Infinitesimal deformations of special Lagrangian cones 

In this section we consider the infinitesimal deformations of special Lagrangian 
cones embedded in the cone of Sasaki-Einstein manifolds. 

Definition 8.1. A Riemannian manifold {N,g) is called a Sasakian manifold if its 
Riemannian cone {C{N),g) is a Kahler manifold with respect to some integrable 
complex structure J over C{N). A Reeb vector field ^ on the Sasakian manifold 
{N,g) is a Killing vector field on N given by ^ := J{r^)- 

For a Sasakian manifold [N^ g), a contact form rj E il^{N) on N is given by ?y 
g{^, •). Then the Kahlcr form uj e fl'^{C{N)) on C{N) is described as a; d{r'^ri). 

Definition 8.2. For a smooth manifold TV, a cone submanifold C of C{N) is a 
submanifold of C{N) which can be written as C = C(S) for a submanifold Yj <Z N . 
For a Sasakian manifold {N,g,^), a cone submanifold C C C{N) is a Lagrangian 
cone if it is a Lagrangian submanifold of {C{N),uj). 

The following proposition is well-known but here we give a proof for readers' 
convenience. 

Proposition 8.3. A submanifold Y, G N is Legendrian if and only if C(E) = 
S X IR+ C C{N) is Lagrangian with respect to the Kdler form u on C{N). 

Proof. Let S C be a Legendrian submanifold. For any p e S, open neighborhood 
[/ C S and u,v G X{U), we have 

iu{u,v) = dri{u,v) = —ri{[u,v]) ~ 0, 
d 

since yyls = and [u,v] G X[U). Hence C(S) C C{N) is Lagrangian. Conversely, 
let C(I]) C C{N) be Lagrangian and take u G TpS arbitrarily. Then 

d 

T]{u) = g{u, = ^) = 0, 
which implies that S C A^ is a Legendrian submanifold. □ 
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Proposition 8.4. Let (V, J, lu) be a Ricci-flat Kdhler manifold of dime = with 
H^j^{V,M.) ~ 0, and assume that the canonical line bundle Ky is holomorphically 
trivial. Then there exists a holomorphic n form e (T^) satisfying 



(36) ^ = (-l)"^(^) 

Proof. From the assumption there is a nowhere vanishing liolomorphic n form fig G 
onF. Since fig is holomorphic, d^l^ = 0. The Kaliler form w on y induces 
a hcrmitian metric on Ky by 

h -.^ h{no,i^o) := ril[-l) 2 

Now we put := /i~3e^/~^''^]o for p S C°°(y^,]R), which satisfies the equation (pS)) . 
Then it suffices to show that there exists p £ C°°{V,M.) such that d^l = 0. From 
dQo ~ 0, we have 

dn = a(/i-^e^'') Al7o 

= h-^e'^Pi^^h^^dh + y/^Bp) A^lo 

= h-h'^pi-^Biogh + V^Bp) Ano. 

Thus the problem is reduced to show the existence of the function p which satisfies 
a(-ilog/i + y^p) = 0. 

Recall that lo is Ricci-flat Kahler form. Then the curvature form of the Hermitian 
connection on Ky induced from h is equal to zero, we have dd'^ log h = 0. Now 
we have assumed Hjjj^{V,R) = 0, there exists p G C"^{V,R) such that d'^logh = 
{y/^d — ^/^B) log h = dp ~ {d + B)p. By comparing (0, l)-part, we have 9(log/i — 
\/—lp) = 0, consequently we obtain the assertion by putting p = 2p. □ 

From now on suppose (N, ^) is a Sasaki-Einstein manifold of dimension 2n~ 1, 
hence the Kahler structure w on C{N) is Ricci-flat. Moreover we assume the canon- 
ical bundle Kc{N) is trivial. Since {N, g) is an Einstein manifold with positive Ricci 
curvature, then iJ^(C(iV),R) = H^{N,M.) = 0. Therefore we have a holomorphic 
n-form on C{N) satisfying (|36p . 

Now we denote by H and H the mean curvature vector of C(E) C C{N) and 
S C TV, respectively. Then the direct calculation gives H = r^^H, therefore C{T,) 
is minimal if and only if S is minimal. 

It is well known that the mean curvature of a Lagrangian submanifold embedded 
in a Calabi-Yau manifold is equal to d9 under the identiflcation of vector fields 
and 1-forms by the symplectic form, where 9 is the Lagrangian angle. Then the 
Lagrangian submanifold embedded in the Calabi-Yau manifold is minimal if and 
only if the Lagrangian angle is constant. In particular it is special Lagrangian if 
the Lagrangian angle is equal to zero. Hence E C A'^ is minimal Legendrian if and 
only if C(S]) C C{N) is Lagrangian with constant Lagrangian angle. 

In [14j , the infinitesimal deformation spaces of minimal Legendrian submanifolds 
embedded in 77-Sasaki-Einstein manifolds are studied. Here we observe the infini- 
tesimal deformation spaces of special Lagrangian cones in C{N), using the results 
obtained in [5]. 
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Let C(S]) be a special Lagrangian submanifold in C{N), and we have orthogonal 
decompositions TC(A^)|c(s) = TC(S) ® ArC(S) and TiV|s = TE ® iVS, where 
TVS, A^C(S) arc normal bundles. Then for any {x,r) G C(I]) we have the natural 
identification N(^^ r)C{^) = Nx^. 

The infinitesimal deformations of cone submanifolds of C{N) is generated by the 
smooth 1-parameter families of cone submanifolds {C{T,t) — T^N^^i^t)', —£ < t < 
e}, where {Ei; —e < t < e} is the smooth families of submanifolds of N which 
satisfies Eq = E, and ttn : N x M+ ^ is the projection onto the first component. 
Since the infinitesimal deformations of E C iV are parameterized by smooth sections 
of iVE, the infinitesimal deformations of cone submanifolds are parameterized by 

^C(S) := {a = 7rN*ao G r(iVC(E)); ao € r(iVE)}. 

Then a(a, S N(^x,r)C{T,) = A^a;E is independent of r for each a G Ac(s)- 

Since C(E) is Lagrangian, NC{T,) is identified with the cotangent bundle T*C(E) 
by the bundle isomorphism ui : A^C(E) r*C(E) defined by uj{v) := t^w = uj{v, •). 

By the results in [5], the infinitesimal deformations of special Lagrangian sub- 
manifolds of C(S) are parameterized by harmonic 1-forms on C(S). Thus the 
infinitesimal deformations of special Lagrangian cones of C(E) are parameterized 

by 

Hc(S) g01(C(E)); a G ^c(s), d * tZ.(a) = 0}, 

where uj is the isomorphism induced by w, and * is the Hodge star with respect 
to the induced metric g|c(E)- To study the vector space 'Hc(e), we need the next 
lemma. 

Lemma 8.5. Under the natural identification T^^ ^jC(E) = T*E0r^*R+, we have 
^{Acii,)) = {/3(.,.) = r^{x)dr + r^^^ G f^'(C(E)); ip G C°°(E), 7 G {^^(E)}. 

Proof. Define a diffeomorphism = exp(ar^) : C{N) — > C{N) by ma{p,r) = 
(p, ar) for a > 0. First of all we show that is a biholomorphism. Since 
^(^a)*"/ = ('7ia)*'C^_a_ J, it suffices to show C^_o_J = 0. Now we may write 

= — J^; then for any x G C{N) and open neighborhood x <E U (1 C{N) and 
^; G A'(C(iV)), 

= -Njitv)-J^[tv] + J[^,Jv] 
= -N,i^,v) + J{iC^J)iv)}, 

where Nj is the Nijenhuis tensor. Thus we have J = since J is integrable and 
C^J = 0, hence ma is a biholomorphism. 
Next we show that 

w(^C(E)) = {/? G 17i(C(E)); m„*/3 = a^p for all a G K+j. 

Since mj, satisfies ma*g = ma*{dr'^ + r^g) = d{ar)'^ + {ar)^g — a^g, we obtain 
ma*u! = a^cj. By the definition of .4c(s)i we may write 

Ac{^) = {a G n\CiT,)); (m„)*a = a for aU a G M+}. 
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For any a G r(A^C(I])), wc have 

™a('^(a)) = = i(„^^^-i^m*a; = a^Lb{{ma)^^ a) 

= a'^{l]{a) + a^d)((ma)~"'"Q; — a). 
Therefore the equation m*(c2;(a)) = a^Cj^a) holds for all a G M+ if and only if 

Now we take /3 G ri-'^(C(I])) and decompose it as I3(^x,r) = f) +''"(2^7 '')'^'' such 
that cr(x,r) G T*E and r G C°°(C(I])). 

ma* P = ma* a + ma*T ■ adr, 
then ma* P ~ a^/S is equivalent to 

(T{x,ar) — a'^(T{x,r), 
T(x,ar) ~ aT{x,r). 
Thus we may put a = r^7 and t = rip for some 7 G 17"'^ (E) and tp G C°°(S). □ 
Theorem 8.6. The vector space Hccs) isomorphic to 

Kcr(AE - 2n) = {ip e C°°(E); A^p = 2??,v?}, 

where As = and d*^ is a formal adjoint operator of d with respect to the 

metric g\^. 

Proof. From Lemma |8.5[ all /3 G lu{Ac(e,)) can be written as /3 = rpdr + r'^j. Then 
we have 

d/3 = rdr A (27 - dp) + r'^d'j, 

from which it follows that d/3 ~ is equivalent to 27 = dp. 

Next we calculate d * p. Denote by vols the volume form of Since the 

volume forms of g|c(s) is given by r"~^dr A vols, we can deduce 

* 7 = —r"~^dr A *s7, 
*dr = r"^^vols, 

where *s is the Hodge star operator with respect to g\s. Consequently, we obtain 

d* (3 = r"^^dr A (d *s 7 + npvol'^). 
Hence d(3 ^ d * (3 ~ is equivalent to 

7 = ^dp, npvol^ + -d >i=s dp = 0, 

and the latter equation is equivalent to d*^dp ~ 2np. □ 

In }14j , the infinitesimal deformation spaces of minimal Legendrian submanifolds 
in Sasaki-Einstein manifolds are studied. Proposition 18.61 is also obtained from the 
case of 77-Ricci constant A is equal to 2n — 2 in [M] . Here we should pay attention 
that the dimension of infinitesimal deformation spaces obtained in |14| is equal to 
l+dimKer(As — 2n), since the deformations of C(E) generated by Reeb vector field 
^ is not special Lagrangian cone, but minimal Lagrangian cone whose Lagrangian 
angle is not equal to zero. Actually, if we put a = ^, then (3 = uj{a) = —rdr and 

d*l3 = -d(r"volE) = -nr"-^dr A vols ^ 0, 

accordingly this a does not generate deformations of special Lagrangian cones. 
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